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Abstract—Research on dedicated circuits for multiply and
accumulate processing, which is vital to machine learning (ML),
using memristors has attracted considerable attention. However,
memristors have unknown operating principles, making it chal-
lenging to create compact models with sufficient accuracy. This
study proposes a compact modeling method based on Gaussian
process for memristors. Although various ML-based modeling
methods have been proposed, only the reproduction accuracy
has been evaluated using SPICE circuit simulator, and long
learning times have not been sufficiently discussed. The proposed
method reduces the learning and inference times using a Gaussian
process with considering sparsity. An evaluation using data from
memristor devices obtained by actual measurements demonstrates
that the proposed method achieves over 2,629 times faster than
conventional method using long short-term memory (LSTM).
Moreover, inference on a commercial SPICE simulator can be
performed with the same accuracy and computation time. All
experimental environments, including the source code, are avail-
able at https://github.com/sntnmchr/SGPR-memristor/blob/main/
README.md.

Index Terms—Compact modeling, Memristor, Gaussian process,
SPICE simulation

I. INTRODUCTION

Information processing using artificial intelligence, repre-
sented by deep learning, is vital to many applications. Most
circuits for artificial intelligence applications have been im-
plemented using field-programmable gate arrays (FPGAs) and
graphics processing units (GPUs); however, conventional von
Neumann-type circuits using silicon CMOS transistors have
high power consumption and cannot be expected to improve
performance owing to the physical limitations of miniaturiza-
tion. To solve this problem, memristors have attracted attention
as new materials to replace silicon CMOS circuits. Memris-
tors are passive devices whose resistance changes nonlinearly
according to the current history [1]. Moreover, memory and
calculation can be realized in a single device with low power
consumption because they can store resistance non-volatilely,
even when no input voltage is applied. Therefore, memristor
neural networks that use memristors as synapses (weights)
are expected to have a circuit architecture with low power
consumption and the ability to solve the von Neumann bot-
tleneck [2]. Memristor neural networks can efficiently perform
the sum-of-products operation, the primary operation of neural
networks, by implementing memristors in a three-dimensional
stack called a crossbar array [3].

Michihiro Shintani
Grad. School of Science and Technology
Kyoto Institute of Technology
Kyoto, Japan
shintani @kit.ac.jp

When designing a circuit using semiconductor devices,
verifying its behavior and characteristics is necessary before
manufacturing it using circuit simulators [4]. Accurate circuit
simulation requires a high-precision compact model, and var-
ious models have been developed. For example, for CMOS
integrated circuits, the Berkeley short-channel IGFET model
(BSIM) has been widely used as an industry standard and is
supported by many commercial SPICE simulators [5]. How-
ever, in the case of emerging devices, such as memristors with
an unknown operating principle compared with CMOS, most
of these compact models involves empirical equations and do
not always simulate accurately [6], [7]. Nonetheless, waiting
for a complete understanding of the physical behavior hinders
the early design and development of competitive circuits with
sufficient performance and characteristics.

Many machine learning (ML)-based compact modeling
methods have been reported in recent years [8]. These methods
are advantageous because a compact model can be created if
actual measurement data are available. The generated model
from the measurement can be reproduced using SPICE sim-
ulator. Reference [9] proposed an ML-based power MOSFET
compact modeling method using a Gaussian process [10]. The
Gaussian process is a nonparametric method based only on the
measured data. Moreover, its fitting result is more accurate than
that of the empirical model based on the MOSFET threshold
voltage; however, it does not support multistate devices, such
as memristors, owing to its hysteresis characteristics. Refer-
ence [11] proposed a memristor modeling method using a
simple multilayer neural network. However, a large amount of
data with random numbers added to the measured data was
necessary for learning, requiring substantial time and effort
for data preparation. Reference [12] proposed an ML-based
memristor compact model using a long short-term memory
(LSTM) network [13]. Highly accurate modeling was achieved
using the LSTM method by considering the state of the
memristor. However, LSTM requires cell and gate optimization
during learning, resulting in a long learning time. Nonetheless,
discussions on learning time are limited.

Evaluating the training and inference times is necessary when
generating ML-based device models. However, most studies
only discussed the accuracy of the generated compact model on
a SPICE simulator. Moreover, discussions about the generation
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(i.e., evaluating the training and inference times using a SPICE
simulator) are limited. In particular, the extrapolation did not
perform well in typical machine learning algorithms. Learning
all operation patterns is necessary when modeling analog
devices, such as memristors, using ML, which is unsuitable
for extrapolation; modeling methods with a long learning time
using LSTM in [12] are a serious issue in actual design.

This study proposes a method for modeling memristor de-
vices using sparse Gaussian process [14]. As Gaussian process
is based on Bayesian estimations, accurate modeling can be
expected without overfitting. Furthermore, it has the advantage
of faster training than the LSTM. However, Gaussian process
regression (GPR) requires a long SPICE run time with the
generated compact model because the computational order
of the inference time is the cube of the number of training
samples. Therefore, the proposed method uses sparse GPR,
an approximation of GPR, to speed up the inference while
maintaining accuracy. The model is generated by combining
a block that predicts the next state and a block that predicts
the current using the state and voltage of the memristor as the
training data. The generated model is implemented in Verilog-
A, which is analog hardware description language [15], with the
necessary parameters extracted from the trained model and can
be executed using a commercial SPICE simulator. Numerical
experiments using measured data are performed to compare the
performance of the proposed method with that of the LSTM-
based method [12], a state-of-the-art method with the same
error level and inference time. Unlike the previous works, we
comprehensively evaluate the training and inference times as
well the prediction accuracy in SPICE simulation.

The remainder of this paper is organized as follows: Sec-
tion II provides an overview of the Gaussian process regression
and sparse Gaussian process regression used in the proposed
method and explains the state-of-the-art compact modeling
method using LSTM [12] as a conventional method; Section III
describes the proposed method; Section IV evaluates the pro-
posed method using the current-voltage (I-V) characteristics of
memristor; Finally, Section V concludes the paper.

II. PRELIMINARIES
A. Gaussian process regression

A Gaussian process is a stochastic process with a multi-
variate Gaussian distribution [10]. The corresponding outputs
y = (y1,Y2, - ,yn) are considered for the inputs X =
(x1, @2, - ,xN). When the simultaneous probability p(y) can
be expressed as a multivariate Gaussian distribution N (s, K)
with mean p and kernel matrix K, the relationship between
X and y is called a Gaussian process, where kernel matrix
K is given by K,y = k(x,,x, ) using the kernel function
k(x,,x, ) for all input pairs (z,,x, ). In many cases, the
data are normalized, and a Gaussian process with mean O is
represented as y ~ N (0, K).

GPR is a model that estimates the function y = f(x) from
input variable x to output variable y. It is a regression method
that can deal with arbitrary functions and a nonparametric
method that does not require prior knowledge of the function

Algorithm 1 : Gaussian process regression

Input: Training data: (Xtrain, Ytrain), Test data: (Xiest),
Kernel function: fyernel
QOutput: Mean of predicted values: p,
Variance of predicted values: v
: Let N be the size of the training data Xi,ain
:forn=1 to N do
forn”=1 to N do
K(TL7 ’I’L/) = fkernel(wn7 wn’)
end for
end for
Optimize hyperparameters of fyerner USING Xtrain, Ytrain
Let M be the size of test data Xiest
form=1 to M do
forn=1 to N do
k. (’I’L) = fkernel(:nna w:n)
end for
k** = fkernel(mrn» .’B:n)
u(m) = szilytrain
v(m) = kuw — kT K1k,
end for
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f(-) because it is a nonlinear model. Moreover, the estimated
function is obtained as a predictive distribution because a
Bayesian estimation is used, and the uncertainty of the esti-
mation can be expressed.

Algorithm 1 shows the computational procedure for the
predictive distribution using GPR, comprising a training phase
(lines 1 to 7) and an inference phase (lines 8 to 16). In
the GPR, the training data are defined as (Xirain, Ytrain) =
{(x1,91), (®2,y2), -, (®N,yn)}, comprising input x and
output y pairs and a kernel function fyerne that provides the
covariance of the Gaussian distribution. There are several types
of frernel. For example, the radial basis function (RBF) kernel,
a typical kernel function, is expressed as follows [16]:

xr — w/ 2
fkernel(w»w,) = 91 exp <_M) ) (1)

where 0; and 0 are the hyperparameters to be optimized in
line 7 of Algorithm 1. GPR returns the predictions y* =
(yi,y5, - ,ysy) of the test data Xieqy = (27,25, , 2},)
using the prediction model computed from (X¢rain, Yirain)-
Lines 1 to 6 of Algorithm 1 compute an /N x N kernel matrix
K for each element Xj,,i, using a kernel function. In lines 8
to 16, the output ¥ for a new input x;, of the test data input

is derived using the probability density function as follows:

p(y:n |:B:1, Xtraina ytrain)

2
:N(k*TKilytrainy k** - kailk*) ( )

From Eq.(2), the mean p = (1, p2, -+ ,ups) and variance
v = (v1,vg,- - ,vp) of y* can be derived analytically. The
mean and variance values are used for the prediction and its
confidence, respectively.



B. Sparse Gaussian regression

Although the Gaussian process provides a flexible model
for many applications, it requires a long inference time when
calculated straightforwardly. Because the inverse of the kernel
matrix K shown in Eq. (2) must be computed during inference,
its time complexity is O(N?3) when the training data size
is N, becoming a computational bottleneck [17], [18]. To
overcome this issue, the proposed method employs sparse
Gaussian process regression (SGPR), an approximate method
of GPR, to perform inference at high speed, even when the
dataset size N is large [14].

SGPR introduces inducing  points X (% =
@,z ... 2), where Z (Z < N) denotes the
number of inducing points. The output value u = f(X ™)
for the inducing points X is the inducing vector
u = (u1, - ,uz)T, and the GPR is approximated using u.
In SGPR, the probability density function of the predicted
value y* corresponding to an unknown input x* is expressed
as follows:

p(y* ‘CE*, Xtraina Ytrain, X(u)) 3)

:N(kg*Kgéa’ K — kg*i'zlkz*)a
where % and 5, are the mean and variance of posterior
probability p(u) of w. Because the inverse matrix Kz_g is a
Z x Z matrix, the inverse matrix time complexity O(Z?) can be
reduced by keeping Z small. Therefore, the SGPR can reduce
the inference time by reducing the number of inducing points
7 within the required regression accuracy limit.

The SGPR accuracy depends on the number of inducing
points and their arrangement. The approximation of inducing
points depends on whether u represents the entire distribution
of f(X). Therefore, arranging X (") appropriately is necessary
to reduce the number of inducing points and maintain a
high approximation accuracy. The X (") arrangement can be
optimized simultaneously with the kernel function hyperparam-
eters. In this case, the optimization is performed in line 7 of
Algorithm 1.

C. LSTM-based memristor modeling

An ML-based memristor device modeling method [12] based
on LSTM [13], a state-of-the-art method, was proposed. This
method constructs a state-aware memristor model by preparing
blocks to predict the memristor state and current. A compact
model from the constructed model is implemented in Verilog-
A. The model can be simulated using a commercial SPICE
simulator.

LSTM is effective in predicting time-series data and well-
suited for modeling transiently changing memristors. The au-
thors reported that highly accurate models were obtained in
an evaluation using actual measured data of the manufactured
memristors. However, LSTM has a disadvantage because the
longer the time-series pattern, the longer the learning time. This
is because the calculation results are transmitted from the past
to the future in order in the hidden-layer network. Although the
model training time should be one evaluation metric in ML-

current = f([S,voltage ])

time  voltage  current State
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Fig. 1. Overview of the proposed method.
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Fig. 2. I-V characteristic of memristor devices.

based compact model generation, training and inference times
were not discussed in [12].

III. SPARSE GAUSSIAN PROCESS-BASED MEMRISTOR
MODELING

This study proposes a novel ML-based device modeling
method for memristors using SGPR. Fig. 1 shows an overview
of the proposed method. The method conducts modeling using
the measurement data as training data, followed by conversion
to Verilog-A. Applying Gaussian process enables faster learning
than the conventional method of [12]. However, using the model
generated by the Gaussian process for inference increases
computational time. Thus, the execution time of the circuit sim-
ulation in SPICE is increased. Therefore, the proposed method
introduces SGPR to accelerate the computation time required
for the inference. During conversion to Verilog-A, the necessary
data for inference are extracted from the trained model and
added to Verilog-A, enabling SPICE circuit simulation. Note
that SGPR can also calculate the confidence of prediction as
shown in Eq. (2). This allows the compact model engineer
to verify whether the number and location of measured data
samples are sufficient, which is a significant advantage from a
practical viewpoint over LSTM used in [12].

Section III-A elaborates on a detailed method for construct-
ing a memristor model using SGPR. Section III-B delineates
the specifics of implementing the generated model in Verilog-
A.

A. Model generation using SGPR

As shown in Fig. 2, the I-V characteristics of a memristor
take different currents between the off and on states, even when
the same voltage is applied. Therefore, by defining the off and
on states of the memristor as 1 and 0, respectively, the state S
is introduced to model the I-V characteristics of the memristor.
Two blocks are designed to develop this model employing state
S: one to predict the next state Sfil, and the other to forecast
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Fig. 3. Structure of memristor model considering state.

Algorithm 2 Selection method for inducing points

Input: Training dataset: (S,V),
Number of inducing points: Z.
Output: Inducing points: X (V) = (a:(lu), a:éu), ey :cgl))
1: Let V0 be the voltage data set when S is 0
2: Obtain XV values with the number Z/2 equally spaced
between max(V?) and min(V?)
3: Let V'! be the voltage data set when S is 1

4: Obtain XV! values with the number Z/2 equally spaced
between max(V'?!) and min(V'1)

5:forz=1 to Zdo

6: if z < Z/2 then

7 w,(zu) = (0,XY9)

8 else

9 at = (1, X7

10: end if

11: end for

the subsequent current /. 5_1. Fig. 3 shows the structures of these
two blocks. Their corresponding equations are as follows:

fsapri(St, Vit1)
fsapr2(St41, Vig1)

St 4)
15, (5)

where S; and Stp+1 represent the prior and ensuing states,
respectively. The first block serves as a prediction module for
the next state and is a function of S; and V;4;. The second
block operates as a current prediction module that acts as a
function of StP+1 and V;41. The proposed method assigns state
S to the measured I-V characteristics in advance.

The proposed method uses SGPR to model the predictions
as per Egs. (4) and (5). SGPR reduces inference time by
incorporating inducing points X ("), The number of inducing
points Z is set to be less than the number of training data
points N to minimize the computational time. This method
adopts the approach of optimizing the inducing points simulta-
neously with the kernel function hyperparameters. The extent
to which the inducing points represented the entire distribution
determined the accuracy of the approximation of the inducing
points. Therefore, the initial positions of the inducing points
were selected uniformly from the training data, considering
the optimization. Uniform selection is expected to improve
convergence speed during optimization.

Algorithm 2 outlines the method for selecting the inducing
points. The first line of the algorithm extracts the voltage
dataset VO, where S equals 0, from the training data set
(S, V). The second line procures values at equal intervals from
the maximum and minimum values of V9; specifically, Z/2

number of values. Lines 3 and 4 replicate the procedures of
lines 1 and 2, respectively, for instances where S equals 1.
Lines 5 to 11 set the inducing points according to the obtained
equal-interval voltage values X V° and X V! and the state of S.
The positions of the selected inducing points were optimized
concurrently with the hyperparameters 0 during the training
process. After optimization, Eq. (3) can be used to predict the
current values for specific states and voltages.

B. Implementation using Verilog-A

After the training, the memristor model in Fig. 3 is im-
plemented in Verilog-A for SPICE simulation. The model
using SGPR requires implementing Eq. (3) for the prediction,
implying that this equation must be incorporated into Verilog-
A. The unknown input value is denoted as x* and its predicted
value as y*. Simplifying Eq. (3), the mean p of the predictive
result p(y*) of SGPR can be expressed as follows:

p=kL W, (6)

where the vector W is the calculated value of K, 4. In
addition, k%, is a matrix obtained by applying the kernel
function fiernel to the inducing points X (W) and test data x*.
Thus, the three data points required for computing ;v using
SGPR are as follows:

o The inducing points X optimized during modeling
o Hyperparameters 0 of the kernel function fyernel
o The vector W

In the Verilog-A model, k:g* is first calculated, followed by
kT, W. In Verilog-A, the above calculations are implemented
by combining arrays and loops. The Verilog-A code used
in Section IV can be found at https://github.com/sntnmchr/
SGPR-memristor/blob/main/verilog/rram_gp.va.

IV. NUMERICAL EXPERIMENTS

Experiments were performed using measured data from the
memristor used in [12] to verify the effectiveness of the
proposed method. For comparison, the memristor was modeled
using a conventional method with LSTM [12], and the learning
time, error, and inference time were compared. The generated
compact model was implemented in Verilog-A and simulated
using a commercial SPICE simulator [19].

A. Setup

The measured data for the memristor used in [12] can be
obtained online as described in [20]. The measured results
for the TaN/HfOx/Pt memristor are presented here. In the
measurements, positive and negative bias voltages were applied
to the memristor, and low-and high-resistance states were
sequentially observed. The measurement data comprised four
values for each measurement point: time, voltage, current, and
status. The input voltage and output current ranged from +1.2V
to —1.5V and from +1.0mA to —1.0 mA, respectively. Two
data types were used: 812 and 2,456 measurement points, which
are shown in Section IV-B. Data from 812 measurement points
were used as training data for the modeling. The other is used
as inference data. Note here that the inference data is larger and
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Fig. 4. Simulation circuit of memristor in SPICE simulator.

TABLE I
COMPARISON OF TRAINING TIME AND ERROR

Method Training time [sec] RMSE [mA] RMSLE
LSTM [12] 1412.139 0.0115 0.0115
GPR 2.283 0.0124 0.0122
SGPR(600) 1.375 0.0127 0.0125
SGPR(200) 0.603 0.0128 0.0126
SGPR(50) 0.537 0.0148 0.0148

more complex than the training data, considering its application
to real-world compact modeling.

In this experiment, as described in Section III-A, inducing
points X (") were introduced to use the SGPR. A value smaller
than 812 points was selected because the number Z of X ()
must be smaller than the number of training data points. The
experiments were performed with Z = 600,200, and 50. The
proposed method used the RBF kernel for modeling, shown in
Eq. (D).

All programs were implemented in Python and ran on a
computer equipped with an Intel(R) Xeon(R) Platinum 8160
CPU @ 2.10GHz. The Pyro package was used to build the
SGPR model [21], and the TensorFlow package was used to
implement the conventional method [22]. For the inference
evaluation of the generated compact model, data from 2,456
measurement points were used as the inference data. The
SPICE simulation was employed to perform a transient circuit
analysis for the inference, as shown in Fig. 4.

B. Results

1) Training: The conventional and proposed methods gen-
erated the models using the training data. Fig. 5 shows the
simulation results calculated with the training data. A case in
which the SGPR had 50 inducing points is presented as an
example. The black dots represent the training data, the blue
line is the conventional method model, and the red line is the
proposed method model. Figs. 5(a) and 5(b) show the applied
voltage and output current in the training data, respectively. In
addition, Fig. 5(c) shows the I-V characteristics, and Fig. 5(d)
shows a three-dimensional graph with the state variable added
as the axis. In Fig. 5, the points where the current changed
rapidly are those where the memristor state changed; however,
the models were successfully built according to the training
data.

Table I compares the training times and errors for each
method. The results for the proposed method are presented for
the Z = 600, 200, and 50 for the SGPR. In addition, the results
of a standard GPR that does not consider sparsity is presented
as a reference. The training time of the conventional method
was more than 1,400s as discussed in Section II-C, whereas
that of the proposed SGPR method was less than 1s when
the numbers of inducing points were 200 and 50. By contrast,
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Fig. 5. Simulation results for training data.

the root mean squared error (RMSE) and root mean squared
logarithmic error (RMSLE), which are learning errors, were
comparable. Thus, the proposed method improved the training
time by 2,629 times that of the conventional method with the
same accuracy level.

2) Inference: The SPICE circuit simulation results were
compared using the inference data for each model generated
by the conventional and proposed methods. Fig. 6 shows the
simulation results obtained using SPICE with the inference
data. A case in which the SGPR had 50 inducing points is
presented. The black dots represent the inference data, the blue
lines represent the conventional method model, and the red lines
represent the proposed method model. In Fig. 6, the transient
changes of the applied voltage and output current and the I-
V characteristics are shown as well as Fig. 5. These figures
show that the I-V characteristics of the actual measurement
data can be reproduced by inference using the training model.
In addition, the switching of states can be reproduced, as in the
measured data.

Table II summarizes the comparison results of the inference
time and error using SPICE for each method. The conventional
method and GPR inference time were 0.45s and 1.85 s, respec-
tively. However, the inference time can be shortened by intro-
ducing sparsity and reducing the number of inducing points; the
inference time was approximately the same with 50 inducing
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Fig. 6. Simulation results for inference data.

TABLE II
COMPARISON OF INFERENCE TIME AND ERROR BY SPICE SIMULATION

Inference time [sec]

Method (SPICE runtimey RMSE [MA]  RMSLE
LSTM [12] 045 0.0120 _ 0.0120
GPR 1.85 0.0141  0.0138
SGPR(600) 1.35 0.0144  0.0142
SGPR(200) 0.70 0.0145  0.0143
SGPR(50) 0.39 0.0167  0.0167

points. Moreover, the RMSE and RMSLE, representing the
error, remained approximately the same. Thus, the inference
time of the proposed method was approximately the same as
that of the conventional method.

In summary, the experimental results, including the training
and inference, show that the proposed method can learn more
than 2,629 times faster than the conventional method and
the accuracy and SPICE runtime of the proposed method are
comparable to the conventional method in inference.

V. CONCLUSION

This study considered a fast modeling method for memristor
devices using SGPR. SGPR enables faster learning than exist-
ing methods and less inference time than GPR. The proposed
method uses the state and voltage of the memristor as training
data. Moreover, it combines a block for predicting the next state
and another for predicting the current to realize a state-aware

model. The generated model can be integrated into commercial
SPICE simulators by extracting the necessary parameters and
implementing them in Verilog-A. An evaluation of the model
using measured data from the memristor demonstrated that the
proposed method achieved results 2,629 times faster than the
conventional method using LSTM, with a comparable error
level and inference time. The proposed method is significant for
designing and developing competitive circuits with sufficient
performance and characteristics even when the device physics
is unknown for compact modeling.
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